Abstract. In the variety of approaches to tackle the challenges of rarefied gas flows, the regularized 13-moment equations (R13) have become a very promising contender. The equations are based on moment approximations in kinetic gas theory which can be interpreted as a non-linear discretization of the Boltzmann equation in the velocity space. In order to get a deeper insight into rarefaction effects, an analytic solution for the flow around a sphere has been constructed in [M.Torrilhon, Phys. Fluids. 22, 072001:1-16 (2010)]. In the present work, an analytic solution for the flow past a cylinder is derived, which is another very important text book problem. Again, the investigation is restricted to slow flows (Ma 1), which means a linearized system of the original R13 equations is analyzed. The results for the sphere and the cylinder are then compared and typical rarefaction effects are pointed out.
INTRODUCTION
The R13 equation set [1] is the successful result of combining moment methods in kinetic gas theory with a ChapmanEnskog-like approach in order to circumvent the obstacles, which arise when just using one of these methods. In particular this means that linear stability is achieved in contrast to the Burnett and Super-Burnett equations, which are the higher-order equations of the Chapman-Enskog method. Also nonphysical subshocks and slow convergence is avoided, which is inherent to Grad's closure. The equations have been shown to be third order accurate by means of Knudsen powers, see for instance [2] . That means they are capable of making accurate predictions up to a Knudsen number of Kn = 0.5, while the Navier-Stokes-Fourier system (NSF) already fails at Knudsen numbers exceeding a value of 0.01. Beyond Kn = 0.5 qualitative correct results can be achieved with R13. The Knudsen number is defined by Kn = λ L , where λ is the mean free path between two collisions and L is the macroscopic length scale. Besides the computational advantage in comparison to solving Boltzmann's equation, the equations give a chance to get insight into rarefaction effects. This is meant by studying the differential operators occurring in the equation set. Physical interpretation can be done by identifying known processes within the new equations. Also couplings between field quantities, which trigger new mechanisms, can be revealed. On top of that, an analytic solution yields the unique chance to understand the impact of the different processes in a specific setting. Especially, the mechanisms, which dominate the scenario can clearly be pointed out. In [3] , this idea has been followed successfully. An analytic solution for the flow around a sphere has been constructed and typical non-equilibrium effects have been explored and couplings between physical quantities were revealed. This is a clear advantage in comparison to a numerical solution, where we just have the point values for the different field quantities, but no information about the terms which build up these values. For instance, the effect of Knudsen layers, which connect the interior of the flow to the situation at the boundary, is presented. Such layers are a non-equilibrium phenomenon and Navier-Stokes-Fourier equations are not able to predict them at all. In the present paper an analytic solution for the slow rarefied flow past a cylinder is introduced. This is another very important textbook example and again it gives important information about rarefaction effects. For the comparison of both scenarios, some results for the sphere are recapitulated. A deeper insight into the properties of the R13 equations is given in the text book [1] . More information about moment methods and their application to gas dynamics in general can be found in [4] . 
THE LINEARIZED EQUATION SET

Bulk R13 equations
In comparison to classical gas dynamics, where we only solve for the pressure p, the velocity v and the temperature T , we also want to solve for the stress σ and the heat flux s. This extends the known conservation laws for mass momentum and energy by two additional evolution equations for the two non-equilibrium quantities. Balance laws for the five variables therefore form the R13 equation set, which is derived in its full non-linear representation in [2] . In our case, we want to look at a linearized variant of the equation set. In particular this means, we want to study equations that state the unknowns as a first order perturbation of an equilibrium ground state. For this, we set up the equilibrium variables by a with a = a 0 + εã, where a stands for p, v and T . For the non-equilibrium variables we just have b = εb, where b stands for σ and s. ε is assumed to be small and terms in the order of ε 2 are neglected. In the following, we also drop the tilde. From a physical point of view this means, we assume slow flow processes and ε represents the Mach number. Additionally, we only look at steady state processes. Under these considerations, the R13 equations according to [1] can be stated in the following dimensionless form
where θ is given by θ = k m T . This is the definition of the temperature in energy units, where k is the Boltzmann constant and m denotes the particle mass. As we can see, the Knudsen number remains the only parameter in the equation set. As mentioned in the introduction, the Knudsen number is defined by Kn = λ L . In our case, we can define
. The velocity c 0 is given by c 0 = √ θ 0 , where θ 0 is the ground state temperature and µ 0 is the ground state viscosity. The right hand side of equation (1) has been simplified to a simple Laplacian of the stress tensor σ . The full operator reads 2 3 Kn ∆σ
In the analysis of the sphere, it could be pointed out that the behavior of the general differential operator is captured well by just one Laplacian. For the sake of simplicity, we stick to this reduction. It has to be remarked that it is also possible to derive a solution for the full operator, but the expressions then become very unhandy. An analysis of the extended Laplacian is part of future work. Coming back to the preliminary comments in this chapter, we can identify the linearized conservation laws for mass, momentum and energy in Equation (4), (3) and (5). To complete the statement, we have the Equations (1) and (2) as linearized balance laws for the non-equilibrium variables σ and s.
To make it easier to understand the difference to the hydrodynamic case, we can interpret the equation system formed by (1) , (3) and (5) as an extension to a simple Stokes flow, while Equations (2) and (5) pose an extension to Fourier's law. On top of that, we can observe a coupling between those two processes. In Equation (2) we have the divergence of the stress and in Equation (1) we have the gradient of the heat flux. This is very interesting from a physical point of view, because it means that for example a heat flux can be induced by the stress without a temperature gradient being present. In the Stokes case, this is impossible since the Poisson equation for the temperature is completely decoupled from the rest of the system.
Boundary Conditions for Moments
In addition, physical boundary conditions for moment equations have also been derived by means of kinetic theory, see [5] . These are essential to maintain the high physical accuracy of the equations and they are crucial for obtaining well-posedness, although this has not yet been proven in a strict mathematical sense. The conditions originate on the level of Boltzmann's equation, where the Maxwell accommodation model was integrated to obtain equations for moments, see for instance [1] . The only remaining parameter in the equations is the accommodation coefficient χ. In a linearized and dimensionless form, these boundary conditions for a rigid wall read
R nt s = −χ u t s + 11 5
whereχ is given byχ = 2 π χ 2−χ with χ the accommodation coefficient originated in the boundary condition for the Boltzmann equation. For the ease of investigation, we set χ = 1, which means that full accommodation is used. Furthermore, Equations (8) and (9) are generalized velocity slip and temperature jump conditions. Equations (10), (11) and (12) can be regarded as generalized slip and jump conditions for the heat flux and the stress tensor. R thereby is the higher order heat transport and m is the higher order stress flux. The subscript s distinguishes between the two independent directions in the tangential plane. In the linearized case, the expressions for R and m reduce to gradients of the heat flux and stress as follows
A deeper insight into the modeling of boundary conditions in kinetic theory with application to R13 is given in [5] .
ANSATZ FOR RADIAL SYMMETRY
In order to obtain an analytical solution for the flow around a sphere and a cylinder, see Figure 1 , we have to come up with a specific form. Inspired by the solution of the Stokes flow the ansatz reads
The functions for velocity v and pressure p are directly taken from the Stokes approach. The heat flux s and the temperature θ are assumed to have the same structure. The ansatz for the stress tensor σ is also taken from the analytical solution of the Stokes flow. By having the hydrodynamic flow solution at hand, the stress can be computed by evaluating the Navier-Stokes law. Taking the structure of the solution into account, an ansatz for the stress tensor in the Stokes flow case is given by
Under consideration of cylindrical coordinates the last entry on the diagonal has to be replaced by σ zz . Besides, the whole approach is suitable for spherical as well as cylindrical coordinates. The idea thereby is to separate the solution expressions for velocity, heat flux and temperature shall be given in the following. The functions depending on r turn out to be
Here, the eigenvalues λ 1 and λ 2 are given by
. The subscript Kn in some integration constants puts emphasis on the fact that these correspond to the Knudsen layers. We can immediately recognize the coupling between the heat flux and the velocity within the Knudsen layers, since they are scaled with the same constants. This fits the observation, we made when discussing the bulk equations. In the case of the temperature we recognize a different layer. It connects the temperature to the stress the same way as it has been pointed out for the heat flux and the velocity. From the definition of the eigenvalue we can also see that the terms, made up of the Bessel functions, are scaled with the Knudsen number which in turn justifies designation as Knudsen layers. The explicit expressions for the other constants shall not be given here, since their representation is vast. It is recommended to use a computer algebra program to obtain these.
The parameters are chosen exactly like in the case of the sphere in the bounded domain. As we can see in Figure 4 and 5 the qualitative aspects of the flow past a sphere are also produced in the cylinder flow. Again the velocity is very similar to the hydrodynamic case, while the heat flux shows the typical rarefaction behavior which has already been discussed. Differences only occur in the absolute values, where the most eye-catching effect is the stronger growth of velocity on the up-and downside of the cylinder.
FORCING AND TEMPERATURE
Now, we investigate the temperature for the two different Knudsen numbers in both scenarios, see Figure 6 . In specific, we restrict ourselves on the radial component c(r). Here, we especially observe the impact of the boundary condition near the inner wall. Although we have prescribed θ w 1 = 0, we observe a jump in the temperature which increases with a growing Knudsen number. On top of that, we can clearly recognize the influence of the Knudsen layer. The second case, which shall be explored, is the drag force of sphere and cylinder in a rarefied regime, see Figure 7 . The force has been non-dimensionalized by a reference pressure p 0 and the area calculated by the square of the mean free path. This means we have a decreasing sphere in size for a growing Knudsen number. This time, we also have experimental data taken from [7] . In addition, the sphere solution on an infinite domain is plotted as well, since it is the most valid scenario for comparing with the experiment. For this case, we have a very good understanding with the data for Knudsen numbers up to Kn = 0.5. For the flow around the sphere on a bounded domain, a deviation can be observed. For the sake of interest, the drag force of the cylinder is also shown in the plot. 
CONCLUSION
In this paper, the results of an analytic computation of a rarefied slow gas flow around a sphere and a cylinder have been presented. They are based on the R13 equations and the results show that these are capable of reproducing intriguing rarefaction effects. Currently, there is work in progress to develop a FEM solver that is able to compute solutions on arbitrary geometries. The analytic solutions are then necessary to validate the solver and the presented scenarios make excellent test cases.
